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ABSTRACT
A recent comparison of the massive galaxy cluster Abell 2744 with the Millennium XXL
(MXXL) N-body simulation has hinted at a tension between the observed substructure distri-
bution and the predictions of  cold dark matter (CDM). Follow-up investigations indicated
that this could be due to the contribution from the host halo and the subhalo finding algorithm
used. To be independent of any subhalo finding algorithm, we therefore investigate the particle
data of the MXXL simulation directly. We propose a wavelet-based method to detect sub-
structures in 2D mass maps, which treats the simulation and observations equally. Using the
same criteria to define a subhalo in observations and simulated data, we find three Abell 2744
analogues in the MXXL simulation. Thus, the observations in Abell 2744 are in agreement
with the predictions of CDM. We investigate the reasons for the discrepancy between the
results obtained from the SUBFIND and full particle data analyses. We find that this is due to
incompatible substructure definitions in observations and SUBFIND.
Key words: methods: numerical – galaxies: clusters: individual: Abell 2744 – cosmology:
miscellaneous.
1 IN T RO D U C T I O N
Massive galaxy clusters with a high degree of substructure pro-
vide an excellent testbed of the current standard model of cosmol-
ogy (Jauzac et al. 2016; Jauzac et al. 2017; Natarajan et al. 2017;
Schwinn et al. 2017; Mao et al. 2018). These galaxy clusters com-
prise more than a thousand galaxies, have masses of more than
1015 M and can embed several substructures more massive than
1014 M. The standard model of cosmology assumes that the Uni-
verse consists of cold dark matter (CDM) in addition to normal
baryonic matter and the cosmological constant  is responsible for
the accelerated expansion of the Universe. This model is usually
referred to as CDM. In recent years, CDM has succeeded in
describing a variety of observations, such as the fluctuations in the
cosmic microwave background (Planck Collaboration 2015), the
accelerated expansion of the Universe as measured using type-Ia
supernovae (Riess et al. 1998; Perlmutter et al. 1999), weak grav-
itational lensing (Joudaki et al. 2017; Ko¨hlinger et al. 2017), and
the large-scale clustering of galaxies (Cole et al. 2005; Alam et al.
2016).
For the purpose of testing CDM, the galaxy cluster Abell 2744
is ideal. With a mass of 3 × 1015 M at redshift z = 0.308, it is one
 E-mail: johannes.schwinn@stud.uni-heidelberg.de
of the most massive clusters observed in the Universe. Furthermore,
it also represents one of the most complex clusters known, with at
least seven very massive (5 × 1013 M) merging subhaloes within
a distance of ∼1 Mpc from the cluster centre.
For this reason, we compared in Jauzac et al. (2016) and Schwinn
et al. (2017), the distribution of Abell 2744’s substructures with the
predictions of CDM using the Millennium XXL (MXXL) N-body
simulation (Angulo et al. 2012). Based on the data provided by the
structure finding algorithms, Friends-of-Friends (FoF, Davis et al.
1985) and SUBFIND (Springel et al. 2001), we found a potential
tension between the substructure distribution of Abell 2744 and the
predictions for a CDM universe. Following these results, Mao
et al. (2018) investigated the high-resolution Phoenix cluster sim-
ulations (Gao et al. 2012) to search for haloes similar to Abell
2744. Using the particle data of the simulation directly, they found
one halo with a substructure distribution similar to Abell 2744. They
showed further that the host halo contributes a significant amount to
the mass measured within 150 kpc apertures around the substructure
centres. Furthermore, Han et al. (2017) found that the substructure
masses can be significantly underpredicted by SUBFIND and thus
be in part responsible for the apparent tension with CDM that is
found using subhalo masses alone.
These findings emphasize the need for a consistent identifica-
tion of substructures in observations and simulations. As Han et al.
(2017) show, even among substructure finding algorithms (such as
C© 2018 The Author(s)
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SUBFIND or HBT+) different subhalo definitions can lead to disparate
results. In addition, a different subhalo definition in observations can
lead to further discrepancies. Our aim is therefore to apply the same
method to both simulated and observed data to detect substruc-
tures and determine their properties. We test the results of Schwinn
et al. (2017) without relying on the data provided by FoF (Davis
et al. 1985) and SUBFIND (Springel et al. 2001). Instead, we use the
particle data of the MXXL simulation directly and investigate if it
contains a cluster with properties similar to Abell 2744 (i.e. at least
seven massive substructures within 1 Mpc).
For this task, the wavelet transform (WT) is a perfectly suited
tool. In the context of detecting substructures within galaxy clus-
ters, it has been introduced by Escalera & Mazure (1992) and further
studies adopt it to analyse a vast number of galaxy clusters (see e.g.
Krywult, MacGillivray & Flin 1999; Krywult & Flin 1999; Kry-
wult 2003; Flin & Krywult 2006). In a recent study by Livermore,
Finkelstein & Lotz (2017), the WT has been successfully applied
to observations of Abell 2744 in the ultraviolet. Using the WT, they
were able to remove the cluster light in order to detect highly mag-
nified background galaxies. It is our aim to apply a wavelet-based
method not only to observational data, but to use it for analysing
observed and simulated data with one and the same method.
This paper is structured as follows. In Section 2, we introduce the
theoretical background of WTs. In Section 3, the observational data
for Abell 2744 and the simulation data from the MXXL simulation
are presented. Section 4 describes our method, i.e. how mass maps
are obtained from the simulation and substructures are identified. In
Section 5, the results of the analysis of observational and simulated
data are presented. In Section 6, we discuss the discrepancy between
different mass estimates for subhaloes and a possible numerical
origin of substructure disruption. We conclude with a summary
in Section 7. We would like to stress that throughout the paper
we use the terms ‘subhalo’ and ‘substructure’ interchangeably and
abbreviate M200,crit by M200.1
2 TH E O RY – T H E WAV E L E T T R A N S F O R M
In signal and data processing, the Fourier transform is a common
tool to isolate frequencies of interest, i.e. signal contributions of
certain length or time scales. This, however, occurs at the price
of losing any time or position information about the signal. An
analysis in Fourier space is therefore most useful for stationary
signals, but has only limited advantage for signals changing with
time or position.
An alternative combining the best of both worlds is provided by
the WT (Morlet et al. 1982; Daubechies 1988; Mallat 1989; Meyer
1989). By using a decomposition into wavelets, a signal can be
analysed by its wave number without losing positional information.
We summarize the main concepts below and refer the reader to
the overviews by Rioul & Vetterli (1991) and Jones (2009) or the
books of Daubechies (1992) and Mallat (2009) for a more detailed
description.
The wavelet decomposition can be used for both discrete signals,
using the wavelet series expansion, and continuous signals using
the continuous wavelet transform (CWT). The CWT of a signal s(x)
1The virial mass is usually approximated by M200,crit, which is the mass
within a sphere enclosing a mean overdensity of 200 times the critical
density of the universe ρcrit. The radius of this sphere is denoted as R200.
is defined via
Ws(a, b) = 1√
a
∫ +∞
−∞
ψ
(
x − b
a
)
s(x) dx, (1)
where ψ(x) represents the mother wavelet function, which is scaled
by a parameter a and is shifted by a parameter b. In other words,
the WT is given by the convolution of a window function ψ(x)
with the signal function s(x). By shifting this window function
using the parameter b, the positional information of the original
signal is preserved. Furthermore, the width of the filter governed
by the scaling parameter a introduces a filter scale. The wavelet
functions ψa,b(x) = ψ
(
x−b
a
)
are chosen such that they form an
orthonormal basis of the L2 (i.e. the space of square integrable
functions). Furthermore, the mother wavelet function ψ(x) needs to
fulfill two conditions: (i) it needs to have zero mean∫ ∞
−∞
ψ(x) dx = 0, (2)
(ii) it needs to be normalized
||ψ(x)|| =
[∫ ∞
−∞
|ψ(x)|2 dx
]1/2
= 1. (3)
The combination of conditions (i) and (ii) requires ψ(x) to be a
localized, oscillatory function. Furthermore, it can be seen that the
prefactor of 1/
√
a in equation (1) ensures that the scaled wavelet
remains normalized according to condition (ii).
There exist many different choices for the mother wavelet in the
literature. The most common ones are the Haar wavelet, the Mexican
Hat wavelet, the Morlet wavelet, which is a complex valued wavelet,
and the family of Daubechies wavelets (see e.g. Daubechies 1992;
Jones 2009; Mallat 2009). We show examples of these four wavelets
in Fig. 1. The choice of the mother wavelet depends mainly on the
signal analysed. The mother wavelet is chosen such that it best
describes the signal that is to be isolated.
3 O BSERVATI ONA L A ND SI MULATED DATA
SETS
3.1 Abell 2744
Abell 2744 is a massive galaxy cluster at redshift z = 0.308. With
a total mass of ∼3 × 1015 M and at least seven substructures with
mass 5 × 1013 M (Jauzac et al. 2016), Abell 2744 is one of
the most massive and most complex galaxy clusters known. For
this reason, this cluster has been the subject of a large number of
investigations in many wavebands (Merten et al. 2011; Owers et al.
2011; Eckert et al. 2015; Jauzac et al. 2015; Medezinski et al. 2016;
Jauzac et al. 2016; Jauzac et al. 2017).
For our analysis, we use the combined strong- and weak-lensing
mass reconstruction of Abell 2744 from Jauzac et al. (2016). This
reconstruction is based on observations with the Hubble Space Tele-
scope and the Canada–France–Hawaii Telescope. Full details of the
cluster mass reconstruction, including the selection of background
galaxies, shape measurements, and noise estimation, can be found
in Jauzac et al. (2016).
Using these data, the mass of the cluster within a circular
aperture of R = 1.3 Mpc was determined as M(R < 1.3 Mpc) =
(2.3 ± 0.1) × 1015 M. Furthermore, the reconstructed mass distri-
bution revealed eight substructures within a distance of 1 Mpc from
the cluster centre, all with masses5 × 1013 M. For completeness
the ID, position on the sky, mass, significance, and distance of all
eight substructures are listed in Table 1. Jauzac et al. (2016) note
MNRAS 481, 4300–4310 (2018)
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Figure 1. Examples of four of the most common mother wavelet functions: (a) Haar wavelet, (b) Mexican Hat wavelet, (c) Daubechies wavelet (with two
vanishing moments), and (d) real part of the Morlet wavelet.
Table 1. The eight substructures of Abell 2744. Column 1 gives the ID of the substructure, columns 2 and 3 give the
position on the sky, column 4 gives the mass within a circular aperture of radius 150 kpc, column 5 gives the significance
level of the detection in units of the variance (σ ) in the mass map, and column 6 gives the distance of the substructure
from the Core’s brightest cluster galaxy (BCG). The BCG is located at right ascension α = 3.586259◦ and declination
δ = −30.400174◦. This table is based on table 2 from Jauzac et al. (2016).
ID RA Dec. M(r < 150 kpc) σ DC−S
(deg) (deg) (1013 M) (kpc)
Core 3.58626 −30.40017 13.55 ± 0.09 150 –
N 3.57666 −30.35759 6.10 ± 0.50 12 708.4
NW 3.55310 −30.37676 7.90 ± 0.60 13 603.6
Wbis 3.54629 −30.40332 5.20 ± 0.60 9 565.3
S1 3.60412 −30.37465 5.00 ± 0.40 13 486.9
S2 3.59895 −30.35693 5.40 ± 0.50 11 728.5
S3 3.54151 −30.37378 6.50 ± 0.60 11 763.7
S4 3.52473 −30.36958 5.50 ± 1.20 5 1000.5
that the substructure Wbis is probably a background structure pro-
jected onto the cluster, since it has a relatively high mass-to-light
ratio and the spectroscopic redshifts of galaxies in its vicinity place
it behind the cluster. For this reason, we search for a halo within a
CDM universe with at least seven substructures similar to those
of Abell 2744.
3.2 The Millennium XXL simulation
As in Schwinn et al. (2017), we use the MXXL simulation (Angulo
et al. 2012) to compare our observational results to the CDM
predictions. The MXXL simulation is the third in the family of
Millennium simulations. Using a box size of 3 h−1Gpc, it was run
to investigate structure formation especially on cosmological scales.
It models dark matter in a CDM universe with the cosmological
parameters set to: H0 = 73 km s−1 Mpc−1, 	 = 0.75, 	m = 	dm
+ 	b = 0.25, 	b = 0.045, and σ 8 = 0.9. These parameters were
chosen such that they are consistent the previous Millennium runs
(Springel et al. 2005; Boylan-Kolchin et al. 2009). The dark matter
fluid is represented by 303 billion particles each having a mass of
mp = 8.80 × 109 M.
Gravitationally bound structures are identified at the halo level
using the FoF algorithm (Davis et al. 1985). Within these haloes
subhaloes are found using SUBFIND (Springel et al. 2001). The FoF
algorithm finds haloes by identifying objects built up by connecting
particles that are separated less than a given linking length, b, which
is specified in units of the mean interparticle separation. In the
MXXL simulation the linking length was set to b = 0.2. This ensures
MNRAS 481, 4300–4310 (2018)
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that the mean density of FoF haloes corresponds to ∼180 times
the critical density (ρcrit : = 3 H 2/(8πG)) as shown by More et al.
(2011). The SUBFIND algorithm identifies substructures by detecting
a saddle point in the density profile and checks that the subhalo is
gravitationally self-bound.
The properties of all FoF and SUBFIND haloes were stored for
64 snapshots ranging from z = 63 to 0. However, the position and
velocities of the dark matter particles were only stored for four
snapshots at redshifts z = 0, 0.24, 1, and 3. This data reduction was
necessary due to the large amount of storage space needed for one
snapshot of full particle data. Our analysis is based on the FoF data
sets as well as the full particle data at snapshot 54 (z = 0.24), which
is the snapshot closest to the redshift of Abell 2744 for which the
full particle data available. In a second step, we then compare our
findings with the subfind data sets.
4 C O M PA R I N G O B S E RVAT I O NA L A N D
SIMULATED MASS MAPS
4.1 Mass maps from the MXXL simulation
Since we aim to perform a comparison of observations and simu-
lations in an as unbiased way as possible, we do not rely on any
substructure finding algorithm, but instead we use the MXXL par-
ticle data directly to obtain mass maps equivalent to that of Abell
2744. We then compare both the observed and simulated mass maps
using the same set of criteria.
In order to obtain projected mass maps for all MXXL haloes with
a mass similar to Abell 2744, we select all FoF haloes at redshift z =
0.28 with a mass of M200 ≥ 2.0 × 1015 M. This represents a rather
conservative choice, since it corresponds to the lower 3σ bound of
Abell 2744’s mass within an aperture of 1.3 Mpc obtained in Jauzac
et al. (2016). Since this radius is smaller than R200, the virial mass
of Abell 2744 was estimated in Schwinn et al. (2017) as M200 =
3.3 ± 0.2 × 1015 M, which lies well above our lower threshold.
We find 209 haloes in the MXXL simulation fulfilling this mass
criterion. We then use the particle data of the MXXL simulation
at redshift z = 0.24 (corresponding to the snapshot closest to the
redshift of Abell 2744 for which full particle data is available) to
create projected mass maps of each halo. We project all particles
over a length of 30 Mpc on a 3 × 3 Mpc map and bin into pixels of
side length 4.55 kpc. This choice corresponds to the resolution of
the mass map obtained for Abell 2744. We have checked that our
results are insensitive to the exact choice of the projection length.
We obtain for each halo three mass maps using either the x-, y-, or
z-axis as the line of sight. Due to the limited mass resolution of the
MXXL simulation with a particle mass of mp = 8.80 × 109 M,
the mass maps from the simulation are much more coarse-grained
than those obtained from observations. In order to correct for this
effect, we smooth all mass maps (that of Abell 2744 as well) with a
Gaussian filter with a standard deviation of 1.5 pixels (∼6.8 kpc).
4.2 Finding substructures
Our next step is to identify substructures in the mass maps. In order
to treat simulated and observed data equally, we do this without
using the SUBFIND data from the MXXL simulation. The aim is to
identify the positions of all peaks on subcluster scales in our mass
map. The WT introduced in Section 2 provides an excellent tool to
extract the mass signal at the scale of interest, without losing the
positional information as would be the case with a Fourier transform.
We thus use the coefficients of the WT to identify significant mass
peaks in each mass map. We then define a threshold in the WT
coefficients to select only substructures that are as significant as
those of Abell 2744.
While doing so, one needs to keep in mind that the apparent sub-
structure mass consists of two components: (i) the background mass
distribution of the host halo and (ii) on top of that the matter grav-
itationally bound to the substructure. The WT coefficients depend
on both of these components and the host halo boosts the coeffi-
cients of the substructures. Therefore, a small fluctuation close to
the centre can have a higher coefficient than a substructure further
away with a higher density peak in comparison to the local back-
ground. To avoid this, we fit the mass distribution of the main halo
with an NFW density profile Navarro, Frenk & White (1996) and
subtract its contribution from the mass map before performing the
WT. Since this step removes the central substructure as well, we
will add it to the list of detected substructures in the aftermath. Due
to the unrelaxed state of Abell 2744 and similar clusters, however,
the NFW xprofile could potentially provide an insufficient approxi-
mation of the main halo’s density profile. We therefore verified that
this choice only leads to minor changes in the results by applying
our method with and without the main halo subtraction (see also
Section 5.2). However, depending on the object being analysed, it
might be helpful to run our method in both modes.
The WT is performed using the 1D continuous WT module of
the PYWAVELET package.2 We adopt the Mexican Hat wavelet as the
mother wavelet function, since in comparison to all other wavelets
it best resembles the shape of the subhaloes we are aiming to extract
(see Fig. 1). The 1D WT is applied row-wise and column-wise to
the 2D mass maps. The final WT coefficients are then obtained
by taking the arithmetic mean of the row-wise and column-wise
coefficients.
Using this method, a map of WT coefficients is obtained, in
which peaks can be detected automatically. We define a quantita-
tive criterion based on the WT coefficient that determines which
of the identified substructures we consider to be equally significant
as those of Abell 2744. This criterion consists of two parameters:
the scale at which the WT is performed and the threshold for its
coefficients, marking the threshold for the significance of the sub-
structure. Our criterion is tailored such that it restores as many of
the eight substructures of Abell 2744 found in Jauzac et al. (2016)
as significantly as possible. We therefore choose:
- a scale of 40 pixels, corresponding to 182 kpc and
- a threshold for WT coefficients of W ≥ 2.6 × 1010 M pc−1.
These choices maximize the signal-to-noise ratio of Abell 2744’s
substructures. This procedure ensures that the substructures found
in the simulated mass maps are at least as significant as the substruc-
tures found in Abell 2744 and we do not include random fluctuations
in our analysis.
We detect the substructures by selecting all pixels that are at least
five times above the average WT coefficient of the map. We then
select 20 per cent3 of these pixels randomly and draw a circular
aperture around them with a radius of 100 kpc. Since this radius
is smaller than the aperture used to determine the mass, it allows
us to have slightly overlapping subhalo apertures. In each aperture
around the randomly selected pixels, we select the pixel with the
largest WT coefficient and centre the aperture on this pixel. We
2http://pywavelets.readthedocs.io
3This helps to save computational time and prioritizes substructures with
several pixels above the threshold.
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Figure 2. Substructures of Abell 2744 identified automatically by using a WT. The left-hand panel shows the mass map of Abell 2744 where the colour map
and contours show the surface density. The right-hand panel shows the WT coefficients computed as described in the text. Substructures fulfilling the defined
threshold criteria are marked as orange circles with radius corresponding to R = 150 kpc. The S1 substructure found in Jauzac et al. (2016) is highlighted as a
red dashed circle.
perform this procedure iteratively 10 times. This method ensures
that all peaks are found and that peaks have a minimal distance of
100 kpc to each other. Peaks closer than that would have signif-
icantly overlapping apertures, preventing their masses from being
determined independently. We then add the central substructure to
the list and remove any other detected substructure within a radius
of 150 kpc from the central substructure. As a last step, we dis-
card all substructures with an aperture mass M(R < 150 kpc) <
3 × 1013 M or which are at a distance R > 1.25 Mpc from the halo
centre.
5 R ESULTS
5.1 Abell 2744
Applying our method to the mass map obtained from the com-
bined weak- and strong-lensing mass reconstruction of Jauzac et al.
(2016), we are able to recover seven of the eight substructures they
report. In Fig. 2, the identified subhaloes are shown in the projected
mass map together with a map of the corresponding WT coefficients.
However, our algorithm does not identify the S1 substructure, which
was found in both Medezinski et al. (2016) (where it was named
NE) and Jauzac et al. (2016). Although this substructure produces a
lensing signal with a high significance (13σ in Jauzac et al. 2016),
its contribution to the mass map is rather modest. Since our de-
tection algorithm is based on the mass of substructures and their
scale, it fails to identify this substructure. We test by how far the
threshold has to be lowered until S1 can be recovered. However, we
find that once S1 can be detected, we also pick up several spurious
substructures. This does not change either when the wavelet scale
is varied in a range between 50 and 200 kpc. For this reason, we do
not take S1 into account for our comparison with MXXL haloes.
We therefore consider a cluster to be like Abell 2744 in terms of its
substructure distribution, if at least seven substructures are found
that:
- are identified by our WT algorithm with the above defined
thresholds,
- have an aperture mass of at least M(R < 150 kpc) ≥
3 × 1013 M,
- have a projected distance not greater than 1.25 Mpc from the
cluster centre.
5.2 MXXL
Using exactly the same method we search for Abell 2744-like haloes
in the MXXL simulation. For this purpose, we apply the WT algo-
rithm to all mass maps obtained for the 209 MXXL haloes with a
similar mass to Abell 2744 (as described in Section 4.1). We find
three MXXL haloes fulfilling all criteria with respect to the substruc-
ture distribution. The mass maps with highlighted substructures as
well as the maps of the corresponding WT coefficients are shown
in Fig. 3. The properties (i.e. aperture mass, distance from the cen-
tre, and WT coefficient) of all substructures identified are listed in
Table 2.
The first halo (halo 37) resembles the properties of Abell 2744 re-
markably accurately. The cluster has a mass of M37(R < 1.3 Mpc) =
2.61 × 1015 M, similar to that of Abell 2744. Our WT algorithm
identifies nine substructures within a projected distance of 1.2 Mpc.
Sorting the subhaloes descending in their projected mass and com-
paring the mass of each rank to its equivalent in Abell 2744 shows a
maximal discrepancy of 23 per cent between their aperture masses.
Furthermore, the central substructure seems to consist of two sepa-
rate density peaks, very similar to the bimodal mass distribution of
the core of Abell 2744 (Jauzac et al. 2015).
The second halo, halo 95, has a mass of M95(R < 1.3 Mpc) =
2.00 × 1015 M the least massive of the three MXXL haloes. We find
eight substructures with an aperture mass higher than 3 × 1013 M
within a distance of 1.0 Mpc from the centre. Comparing the sub-
structures’ aperture masses to those of Abell 2744 by sorting them
in descending order of projected mass shows a discrepancy of at
most 40 per cent. The higher discrepancy in comparison to that
of halo 37 is due to the low masses of subhaloes 6–8. These are
slightly less massive than the least massive substructures of Abell
2744. The masses of the six most massive substructures differ by
less than 16 per cent from those of Abell 2744.
MNRAS 481, 4300–4310 (2018)
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Figure 3. MXXL haloes 37, 95, and 114 which show a substructure distribution similar to that of Abell 2744. The panels on the left-hand side show the mass
maps of all haloes where the colour map and contours show the surface density. The contours show the map after being smoothed by a Gaussian with standard
deviation of 8 pixels (∼36.4 kpc). The right-hand panels show the WT coefficients used to identify the substructures. Substructures fulfilling the threshold
criteria are marked as orange circles with radius corresponding to R = 150 kpc.
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Finally, halo 114 has a mass of M114(R < 1.3 Mpc) =
2.10 × 1015 M, which is slightly lower than the mass of Abell
2744. Also this cluster consists of eight massive substructures within
a radius of 1.25 Mpc from the centre. These lie in a mass range very
similar to the substructures of Abell 2744 and differ by no more than
45 per cent. However, all substructures apart from the three most
massive ones contain less mass than the substructures of Abell 2744.
These results depend only weakly on the choice of removing
the main halo’s mass profile approximated by an NFW profile. In
case of halo 37, subtracting the main halo’s density profile has no
effect at all. In case of haloes 95 and 114, we find in each case
one additional substructure if the NFW profile is not subtracted.
However, these additional substructures can hardly be detected by
eye and it seems more likely that the background contribution of
the main halo boosted the WT coefficients. In case of halo 114,
substructure 3 located in the cluster core can only be detected when
the main halo is subtracted. However, the choice to subtract the
main halo’s mass or not has no influence on the detection of all clear
substructures. The fact that removing the mass of the main halo has
such a weak impact, shows clearly the desired behaviour to filter
out only structures on subhalo scale while neglecting contributions
by larger or smaller structures.
It should be noted that the WT coefficients of almost all substruc-
tures in the MXXL simulation are considerably higher than those
of Abell 2744. These values could be slightly overestimated due to
the finite mass resolution of the MXXL simulation. Since the dark
matter distribution of the MXXL simulation is traced by particles of
mass mp = 8.80 × 109 M, the cluster mass maps are not as smooth
as in the observational case. As described in Section 4.1, we cor-
rect for this effect gently without removing substructures through
smoothing by applying a Gaussian filter with a standard deviation
of 1.5 pixels to each mass map from the MXXL simulation.
We furthermore use the mass maps to draw conclusions about
Abell 2744’s virial mass. In Schwinn et al. (2017), the virial mass
was predicted to be M200 = 3.3 ± 0.2 × 1015 M by using the
projection of a corresponding NFW profile. We compare this pre-
diction with the M200 masses of the three MXXL haloes inves-
tigated above. The first halo (halo 37) has a mass of M200,37 =
3.67 × 1015 M, which is 40 per cent higher than its aperture mass
within 1.3 Mpc. This agrees well with the prediction of Schwinn
et al. (2017). However, the masses of both of the other clusters,
M200,95 = 2.55 × 1015 M and M200,114 = 2.41 × 1015 M, are
11 per cent and 12 per cent, respectively, lower than expected from
an extrapolation using an NFW profile. Since all of these clusters
are undergoing a merger, the cluster is far from being relaxed, which
explains the deviation from the extrapolation using an NFW profile.
5.3 Time evolution and projection effects
An inevitable shortcoming of our work is the analysis of the simu-
lation data at redshift z = 0.24, while Abell 2744 is located at z =
0.306. This gap in the cluster evolution cannot be avoided, since
the particle data of the MXXL simulation is not available for the
redshift of bell Abell 2744. The only possibility to investigate the
behaviour of the substructures in between these redshifts, is to trace
the substructures back in time using the merger trees available for
the SUBFIND haloes. For each substructure found by the WT algo-
rithm, we identify the closest SUBFIND halo. In cases with more than
one possible candidate, we select the most massive subhalo. This
allows us to predict the positions and masses of the substructures at
z = 0.3. We find that all substructures identified by the WT method
in haloes 37, 95, and halo 114 have corresponding SUBFIND haloes.
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Figure 4. Time evolution of the substructures in MXXL halo 37. The
SUBFIND haloes corresponding to the nine substructures found by the WT
algorithm are shown as red spheres with R = 150 kpc. Their trajectories
between snapshot 50 (z = 0.41) and 54 (z = 0.24) are shown as dashed
lines. All other haloes are shown depending on their mass either as grey
spheres, blue or black dots.
5.3.1 Change of distance during the infall
The time evolution of the SUBFIND haloes corresponding to the
substructures found by the WT analysis is shown in Fig. 4 for MXXL
halo 37. The trajectories of the infalling substructures are heavily
affected by the ongoing merger and move up to 1.9 Mpc between
two snapshots. However, interpolating the trajectories shows that
at least seven of the identified substructures are within a radius
of 1.2 Mpc from the main halo at z = 0.3. In case of halo 95,
the trajectories of the eight identified subhaloes describe a merger
similar to that of halo 37. At z = 0.3, 6 of the 8 SUBFIND haloes are
already within a radius of 1.2 Mpc. In contrast to the other haloes,
the subhaloes of halo 114 do not have as perturbed trajectories,
but they simply fall into the cluster. However, at z = 0.3 only 4 of
the 8 substructures are within a radius of 1.2 Mpc from the cluster
centre.
5.3.2 Change of mass during the infall
We also investigated the mass evolution of halo 37’s subhaloes
over the five preceding snapshots (i.e. between z = 0.41 and 0.24),
shown in Fig. 5. For clarity, we plot two panels each showing the
evolution of four subhaloes. The subhaloes show a mixture of mass
growth and mass being stripped away due to the infall. While some
substructures (subhaloes 2, 4, and 9) are purely affected by tidal
stripping during their infall, others (i.e. subhaloes 3, 5, 6, 7, and 8)
also gain mass between one or two snapshots. The mass evolution
of subhalo 7 reveals clearly the difficulties faced by SUBFIND to
identify subhaloes that are very close to the cluster centre. It loses
90 per cent of its mass between snapshot 50 and 52 when it is very
close to the centre. Being more distant again in snapshot 53, its
mass is restored from 10 per cent back to 40 per cent of its mass
at snapshot 50. This emphasizes the problems of analysing masses
of substructures close to the centre based on the SUBFIND data. The
high fluctuation in mass of the substructures makes it difficult to
predict the mass change of the substructures between z = 0.3 and
0.24. However, the mass of four subhaloes decreased from = 0.3 to
0.24, the masses of the central halo and subhalo 6 increased only by
10 per cent and 7 per cent, respectively. Furthermore, the projected
mass of subhalo 7 is not very likely to be affected as dramatically as
the change in SUBFIND mass suggests. Since it is much closer to the
centre at z = 0.3, it is more likely that the projected aperture mass is
even higher due to the additional contribution of the host halo. We
therefore argue that it is likely to find at least seven substructures
with similar aperture masses in halo 37 at redshift z = 0.3.
Figure 5. Time evolution of the mass and radial distance of the subhaloes of halo 37. The left-hand panel shows subhaloes 2, 4, 7, and 9. The right-hand
panel shows subhaloes 3, 5, 6, and 8. The five different snapshots (50–54) are colour coded as given in the legend. The radius is given as the distance from the
position of the central halo.
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Table 3. Comparison of different mass estimates for all substructures of
halo 37 apart from the central halo. The table lists subhalo ID (column
1), distance from the central halo (column 2), the mass measured within a
150 kpc aperture from the projected mass map (column 3), the mass provided
by SUBFIND for the closest SUBFIND-halo (column 4), the mass of the host
halo at the position of the substructure estimated assuming an NFW profile
(column 5), and the expected aperture mass assuming two NFW profiles for
the main halo and the SUBFIND subhalo (column 6).
ID DC−S M(r < 150 kpc) Msub Mhost Mextr
(kpc) (1013 M) (1013 M) (1013 M) (1013 M)
2 576 8.85 1.72 3.80 4.79
3 615 7.28 1.73 3.35 4.35
4 1182 6.97 2.21 1.61 2.80
5 974 6.73 2.29 2.13 3.36
6 902 6.37 2.36 2.35 3.60
7 967 5.00 2.06 2.19 3.33
8 683 4.08 1.01 2.88 3.54
9 1008 3.08 2.33 2.03 3.27
5.3.3 Projection effects
The identification of the corresponding SUBFIND haloes allows us
to investigate the distribution of the subhaloes along the line of
sight. Taking the full 3D information into account shows that the
identified substructures are distributed over a distance of almost
4 Mpc centred on the main halo. As expected, subhaloes appearing
close to each other on the map can be quite distant. While subhaloes
2, 3, 6, and 7 form a group on the 2D map, they are distributed over
a line-of-sight distance of 3.4 Mpc. However, another projection
effect – the addition of multiple subhaloes within the aperture – has
only a minor effect. As Fig. 4 shows, only subhalo 5 is affected by
another close massive subhalo which appears as separate peak in
the mass map in Fig. 3.
6 MASSES O F SUBTRUCTURES
6.1 Comparison of aperture masses with SUBFIND masses
The first analysis based on SUBFIND haloes in Schwinn et al. (2017)
led to finding considerably lower substructure masses than observed
in Abell 2744. As Mao et al. (2018) point out, this is partly due to
additional mass in the body of the halo being projected onto the
aperture. Using the SUBFIND haloes found for halo 37, we compare
the SUBFIND masses and the corresponding aperture masses for all
substructures apart from the central halo. The results are listed in
Table 3. Similar to the analysis in Mao et al. (2018), we find that the
aperture mass of the substructures can reach values up to five times
their corresponding SUBFIND mass due to line-of-sight projection of
additional mass in the main halo.
We try to estimate if this effect can be included in an analysis
based on SUBFIND data only as in Schwinn et al. (2017), which
would help to analyse simulations where the full particle data are
not available for all snapshots. We therefore integrate the mass
within a cylinder of length 30 Mpc and radius 150 kpc provided
by two NFW profiles – the first modelling the main halo with
M200 = 3.67 × 1015 M and the second modelling the subhalo
while estimating the M200 mass by Msub. In this integration, we
adopt the c–M200 relation presented in Neto et al. (2007). We show
in Table 3, column 5 the expected contribution of the host halo. This
estimate shows that the host halo can contribute between 23 per cent
and 71 per cent of the aperture masses measured from the mass maps
directly (column 3). The expected total masses (i.e. the contributions
of host halo and subhalo combined) are shown in column 6. The
extrapolated masses of all subhaloes apart from subhaloes 8 and 9
are considerably lower than the actual masses measured from the
mass map directly. The extrapolation underestimates the projected
mass by up to 60 per cent. This shows that the translation from
subhalo masses measured with SUBFIND to projected masses within
a 2D mass map is not possible. This is most likely due to the
fact that the cluster is far from being relaxed and thus assuming
spherical symmetry and an NFW profile leads to incorrect results.
Additionally, an overprediction of tidal stripping by SUBFIND as
reported in Muldrew, Pearce & Power (2011) and Han et al. (2017)
would as well lead to lower expected masses. It is therefore best to
use masses obtained from the particle data directly.
We furthermore compare the subhalo masses obtained by SUB-
FIND (column 4) to those obtained in the mass map. This comparison
shows that the SUBFIND mass can be up to 80 per cent lower than
the mass measured within an 150 kpc aperture.
6.2 Substructure finding based on SUBFND
In a recent study by Mao et al. (2018), the particle data of the
Phoenix set of very high-resolution simulations (Gao et al. 2012)
was investigated at z = 0.32 to search for haloes similar to Abell
2744. To do so they analysed the substructures of the most massive
halo in the simulation, which is the only halo as massive as Abell
2744. They computed the aperture mass for all subhaloes with Msub
≥ 2.3 × 1011 M for 24 different projections of the halo. By doing
so they found at least three projections with eight and another one
with nine substructures.
Our first analysis presented in Schwinn et al. (2017) led to the
conclusion that there is no halo in the MXXL simulation with eight
or more subhaloes as massive and as close as in Abell 2744 when
only the SUBFIND results are used. Our method did not include the
contribution of the matter distribution of the main halo, since there
was no particle data available. In contrast to that, the method used
by Mao et al. (2018) could exaggerate the influence of the host
halo on the subhalo apertures due to their method based on aperture
masses alone. As they state correctly, their method does not ensure
that a halo found by SUBFIND is actually significant enough to be
detected as a substructure in a weak-lensing mass map. Since the
host halo contributes such a large fraction to the total mass, Mao
et al. (2018) are prone to picking up light subhaloes, while the
necessary aperture mass is provided mainly by the diffuse host
halo mass. However, such a subhalo would not correspond to the
substructures found in the observation of Abell 2744. Although,
our wavelet-based method detects a few light subhaloes as well
(e.g. subhaloes 8 in halo 95 and halo 114) it is guaranteed that these
substructures are detected in the observed and simulated data sets
in the same way. Furthermore, using only SUBFIND haloes could
potentially lead to missing significant substructures in the mass
map. This would be the case if apparent substructures are the result
of line-of-sight projection. In this case, the substructures would not
have a SUBFIND counterpart. However, this was not the case for the
MXXL haloes investigated in this study. It seems thus advisable to
use – for this kind of comparison of observations with simulations
– a method that treats both data sets equally.
6.3 Artificial disruption of substructure
When investigating subhaloes in N-body simulations, it is important
to keep in mind that not only their identification but also their evolu-
tion in the simulation itself can be affected by numerical processes.
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A very detailed investigation of the influence of parameter choices
in the N-body simulation on the tidal disruption of subhaloes has
been performed recently by van den Bosch & Ogiya (2018). Using
the simplified setting of a subhalo on a circular orbit in a static,
analytic host halo, they addressed the question of whether the tidal
disruption of subhaloes has a physical or numerical origin. They
find that mainly two effects have an important influence and cause
a spurious disruption of subhaloes.
The first is due to the force softening parameter which is com-
monly introduced by hand in N-body simulations. It is set to prevent
the gravitational potential between two particles from diverging
when two particles approach each other. For this reason, a minimal
distance ε is added quadratically to the separation of the two par-
ticles. Several studies exist on the optimal choice of this parameter
(van Kampen 2000; Dehnen 2001; Power et al. 2003). However, van
den Bosch & Ogiya (2018) find that the commonly chosen values
lead to a spurious disruption of subhaloes on orbits close to the
centre.
The second effect is the amplification of discreteness noise by
a runaway instability. Since the subhalo is represented by discrete
particles there exist different equivalent realizations of the same sub-
halo. If one the realizations loses more mass through tidal stripping
than the average, it expands more than average due to revirialization.
Thus, again more particles than average are beyond the subhalo’s
virial radius and get stripped away. This runaway instability leads
to a large variance of the time it takes to disrupt the subhalo.
These effects also have the potential to influence the findings
of our work. van den Bosch & Ogiya (2018) show drastic nu-
merical effects for orbits close to the host halo centre (i.e. Rorb =
0.1Rvir) for the later stages of the infall where the subhalo has al-
ready lost more than 90 per cent of its original mass. The majority
of subhaloes considered in our work are on orbits with Rorb >
400 kpc. Since Abell 2744 has a virial radius of 2.8 Mpc, this corre-
sponds to Rorb > 0.2R200. For these larger orbits, van den Bosch &
Ogiya (2018) show that the numerical bias is still present, but less
drastic. This is true especially for the earlier phases of the infall
where 10 per cent of the original subhalo mass is still gravitation-
ally bound to the subhalo. In order to quantify their findings, van den
Bosch & Ogiya (2018) give two equations to evaluate up to which
bound mass fractions stripped subhaloes can be deemed trustwor-
thy (their equations 20 and 21). We evaluate these equations with
the parameters of the MXXL simulation, i.e. particle mass mp =
8.80 × 109 M and softening length ε = 13.7 kpc, and estimate
the concentration of the subhaloes with the c–M relation of Neto
et al. (2007). This allows us to assess if the substructures identi-
fied in the MXXL haloes are significantly influenced by numerical
effects.
We find that if infalling subhaloes had an original mass of Morig =
1014 M, they are not significantly affected by numerical processes
until they are stripped down to a mass of ∼5 × 1012 M. Even if
the subhalo’s original mass is much higher (Morig = 1015 M), nu-
merical effects begin to influence its disruption significantly when
the remaining mass is below ∼7.5 × 1012 M. Since the substruc-
tures we are analysing have not been stripped to this extend, i.e.
their masses are considerably higher than these lower thresholds,
we may assume that they are not significantly affected by numeri-
cal processes. However, it is worth having in mind on the basis of
this discussion that substructures in the close centre of clusters are
by no means exact representations of the true mass distribution. It
leaves the possibility that the subhalo masses in our analysis may
be slightly underpredicted even if they are determined directly from
the mass maps. It is therefore possible that in a simulation with
smaller numerical effect, we would find even more substructures
fulfilling our criteria.
7 SU M M A RY
We have searched the MXXL simulation for haloes with proper-
ties similar to the galaxy cluster Abell 2744. Our analysis is built
upon our findings in Schwinn et al. (2017), where we used the FoF-
and SUBFIND data only. These findings suggested a potential ten-
sion between the observations of Abell 2744 and the predictions of
CDM. Here, we have used the particle data of the MXXL stored
at z = 0.24 in order to treat observational and simulated data as sim-
ilar as possible during the comparison. We selected haloes with a
total mass similar to Abell 2744 and produced projected mass maps
comparable to that obtained for Abell 2744. We then investigated
the substructures within these haloes according to three criteria: (i)
their distance from the centre, (ii) their projected mass within an
aperture of 150 kpc radius, and (iii) their significance in the mass
map. In order to detect the substructures and to quantify their sig-
nificance, we used a WT algorithm. This algorithm allowed us to
filter the mass map at a scale of 182 kpc and to define a significance
threshold. With this to hand, we searched for a cluster with seven
substructures fulfilling the following criteria:
(i) a distance less than 1.25 Mpc from the cluster centre,
(ii) an aperture mass of M(R < 150 kpc) ≥ 3 × 1013 M and
(iii) a WT coefficient of W ≥ 2.6 × 1010 M pc−1 at a scale of
182 kpc.4
We found three haloes within the MXXL simulation with a sub-
structure distribution similar to Abell 2744. The probability of a
cluster like Abell 2744 to be observed in a CDM universe can
be estimated very roughly by comparing the simulation volume to
that of the sphere up to Abell 2744’s redshift (z = 0.306). Since
the simulation volume is 10 times bigger than the volume out to
z = 0.306 and we find three similar clusters, the probability of find-
ing Abell 2744 can be estimated to be approximately 30 per cent.
This, however, does not take into account that we analyse the par-
ticle data of the simulation at z = 0.24, and thus, it can only serve
as a rough estimate. It shows qualitatively that, albeit being a rare
object, Abell 2744 is not in tension with a CDM universe. This re-
sult resolves the discrepancy reported in Schwinn et al. (2017) after
analysing the FoF and SUBFIND data only. While investigating the
reason for this divergence between the different data sets, we find
that the host halo contributes a high amount to the mass measured
in the 150 kpc aperture. Due to the unrelaxed state of the clusters,
this additional mass cannot simply be added to the SUBFIND mass of
the subhaloes, e.g. by assuming an NFW profile for the main halo.
Although SUBFIND is still one of the most reliable subhalo finders
available for simulations (Behroozi et al. 2015), it seems therefore
more advisable to use a method that can be equally applied to mass
maps from gravitational lensing in case of a comparison as has
been presented here. For such a method, it is necessary to create
projected mass maps from the particle data of the simulation which
can then be analysed in the same fashion as the mass maps obtained
for observed clusters.
However, the particle data are not available at the redshift of
Abell 2744 in the MXXL simulation. To close the gap between
Abell 2744’s redshift z = 0.3 and 0.24 at which the particle data of
4This value restores as many of the substructures found by Jauzac et al.
(2016) as possible.
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the MXXL simulation are available, we used the SUBFIND merger
trees and trace the substructures back in time. For each substructure
found with the WT algorithm, we identified the closest SUBFIND
halo and investigated its mass and distance to the central subhalo
at Abell 2744’s redshift (z = 0.306). Although some of the sub-
structures experience drastic changes in mass and distance due to
the dynamical state of the clusters, we find that it is reasonable to
assume that at least seven substructures can be found close to the
centre for at least one of the haloes. By applying the criteria pro-
posed by van den Bosch & Ogiya (2018), we showed that numerical
effects leading to the spurious disruption of subhaloes do not have
a significant impact on this result.
We have introduced a robust approach to finding substructures in
observed and simulated clusters equally and have demonstrated its
usefulness by applying it to study Abell 2744 as a proof of concept.
It will be instructive to apply our approach to other massive clusters
with substantial substructure, e.g. the Hubble Frontier Field clusters
(Lotz et al. 2017) and ‘El Gordo’ (Marriage et al. 2011; Menanteau
et al. 2012).
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